Let R be a commutative ring and M be a unital R-module. Then M is said to be quasi-Artinian if it contains an essential Artinian submodule. M is called Dedekind finite if whenever N is a submodule of M such that M is isomorphic to the module M ⊕ N , then N = 0. The ring R is called DQA-ring if any Dedekind finite R-module is quasi-Artinian. In this note we show that a commutative ring R is a DQA-ring if and only if it is an Artinian principal ideal ring.
INTRODUCTION
Throughout all rings are associative commutative with identity and all modules are unital module. Let R be a ring and let M be an R-module. A submodule L of M is called essential if L ∩ N = 0 for every non-zero submodule N of M. The socle of M, denoted by Soc(M), is the sum of the zero submodule and all simple submodules of M. An R-module is said to be quasi-Artinian if it contains an essential Artinian submodule. An R-module is said to be finitely embedded if its injective hull is a finite direct sum of injective hulls of simple modules.An R-module M is said to have finite uniform dimension if it does not contain a direct sum of an infinite number of non-zero submodules. It is known that for an R-module M with a finite uniform dimension, there exists a positive integer n such that every direct sum of non-zero submodule of M does not have more than n summands. We denote the uniform dimension of M by udim(M) . Then M is called Dedekind finite if whenever N is a submodule of M such that M is isomorphic to the module M ⊕ N, then N = 0. The commutative ring R is called DQA-ring if any Dedekind finite R-module is quasi-Artinian.
In this paper, we show that for a commutative ring R, the following conditions are equivalent :
1 -R is a DQA-ring. 2 -R is an Artinian principal ideal ring.
Preliminaries
In this section we give some known results which we will use or cite throughout this paper. Proof : Let M be a zero-dimensional finitely generated R-module.
Then every prime ideal of R 1 is maximal. The module M possesses the structure of an R 1 -module in a natural way. This R 1 -module structure is such M remains finitely generated. Thus, by the above mentioned result of Vasconscelos, M is co-Hopfian as an R 1 -module. Therefore M is Dedekind finite as an R-module.
Proposition 2.2. Let R be a commutative DQA-ring, then E(R/J(R))
is finitely generated.
Proof. Since R/J(R) is a homomorphism image of R, R/J(R)
is an DQAring. Let I 1 , ..., I n be the set of maximal ideal of R. By Chinese remainder theorem,
) is finitely generated.
Proposition 2.3. Let R be a commutative DQA-ring. If R is an integral domain, then R is a field.

Proof
Let K be the classical quotient field of the integral domain R. Then the R-module R K is Dedekind finite. It follows that R K is quasi-Artinian. Thus, 
Direct product of rings
R i (1 ≤ i ≤ n) is
Proof.It results from ([3], Lemma 1.7).
Lemma 2.6. Let P 1 and P 2 be two primes ideal of R. If P 1 P 2 , then Hom R (R/P 1 ; R/P 2 ) = 0.
Proof Let f ∈ Hom R (R/P 1 , R/P 2 ). We have f (1 + P 1 ) = t + P 2 , or f (1) = t, for some t ∈ R. For all x ∈ R, we have f (x) = xf (1) = xt = xt, or f (x+ P 1 ) = xt + P 2 . Since f is an R-homomorphism, we have f (0) = 0, i.e f (P 1 ) ⊆ P 2 . So, let x ∈ P 1 and x / ∈ P 2 . We have f (x) = 0, thus xt + P 2 = P 2 . Hence xt ∈ P 2 and x / ∈ P 2 imply that t ∈ P 2 , or f (x + P 1 ) = 0. 
Proof
Let P a prime ideal of R, then R/P is a commutative integral domain. Since R/P is a homomorphism image of the commutative DQA -ring R, then R/P is a DQA-ring. It follows that R/P is a field and P is maximal. Let now L be the set of all prime ideals of R and M = P ∈L R/P .
For any P ∈ L, R/P is a simple R-module, furthermore if P and P ∈ L with P P , then by Lemma 2.6, Hom R (R/P ; R/P ) = 0, hence R/P is a fully invariant submodule of M. Then, by Proposition 2.7, the R-module M = P ∈L R/P is Dedekind finite, so Soc(M) = M is a finitely cogenerated R -module. It follows that M is finitely generated and then the set L is finite.
Corollary 2.9. Let R be a commutative DQA -ring.
The Jacobson radical J(R) of R is a nil ideal.
The idempotents can be lifted modulo J(R), and R is semi-local.
R is a finite direct product of commutative local FQA-rings.
If M is a simple R-module then M ∼ = I where I is a minimal ideal of
R.
R/J(R) is a von
Neumann regular ring.
6. For any a ∈ R, there exists n ∈ N * such that a n ∈ a n Ra n .
Proof
It follows from proposition 2.8.
Proposition 2.10. Let R be a commutative DQA-ring and M an R-module. For every r ∈ R there exists a positive integer n such that Ann
M (r n ) ⊕ Mr n = M.
Proof.
For any element r ∈ R, there exists an element r ∈ R such that r = r 2n s = sr 2n for somme positive integer n. Therefore, 
By proposition 1.5 , it suffices to show that every finitely generated R-module is finitely cogenerated. Since R is a commutative ring and every prime ideal of R is maximal, then by [12] , every finitely generated R-module is co-Hopfian thus Dedekind finite. From the Hypothesis that R is a DQA-ring it follows that M is finitely cogenerated. 1. R is a DQA-ring.
R is an Artinian principal ideal ring.
Proof.
(1) ⇒ (2) If R is a DQA -ring then by proposition 2.12 and proposition 1.5 R is an Artinian principal ideal ring. is not Dedekind finite, it follows that M is not Dedekind finite. Thus M is finitely generated. Since R is Artinian, then by ( [1] , proposition 10.18) M is finitely cogenerated. Therefore R is a DQA -ring.
